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Abstract 



(N 

r^ ' This paper deals with approximating properties of the newly defined (/-generalization of the Szasz 

Mh ' operators in the case q > 1. Quantitative estimates of the convergence in the polynomial weighted spaces 

r^ . and the Voronovskaja's theorem are given. In particular, it is proved that the rate of approximation by 



the g-Szasz operators (q > 1) is of order q " versus 1/n for the classical Szasz-Mirakjan operators. 
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Q\ '. 1 Introduction 

en 

If^ • The approximation of functions by using linear positive operators introduced via g-Calculus is currently under 

^D I intensive research. The pioneer work has been made by A. Lupa§ fl\ and G. M. Phillips "J' who proposed 

^-p ■ generalizations of Bernstein polynomials based on the g-integers. The g-Bernstein polynomials quickly gained 

the popularity, see [1]-[S]. Other important classes of discrete operators have been investigated by using q- 
Calculus in the case < q < 1, for example g-Meyer-Konig operators [11], [12], [13], g-Bleimann, Butzer and 
k>( \ Hahn operators [14], [15], [16], g-Szasz-Mirakjan operators [17], [18], [20], [19], g-Baskakov operators [21_. 

JH I In the present paper, we introduce a g-generalization of the Szasz operators in the case g > 1. Notice 

that different g-generalizations of Szasz-Mirakjan operators were introduced and studied by A. Aral and V. 
Gupta [T7], [IB] 5 by C. Radu [20] and by N. I. Mahmudov [T^] in the case < g < 1. Since we define g-Szasz 
operators for g > 1, the rate of approximation by the g-Szasz operators (g > 1) is of order g^", which is 
essentially better than 1/n (rate of approximation for the classical Szasz-Mirakjan operators). Thus our 
g-Szasz operators have better approximation properties than the classical Szasz-Mirakjan operators and the 
other g-Szasz-Mirakjan operators. 

The paper is organized as follows. In Section 2, we give standard notations that will be used throughout 
the paper, introduce g-Szasz operators and evaluate the moments of Mn^q. In Section 3 we study convergence 
properties of the g-Szasz operators in the polynomial weigthed spaces. In Section 4, we give the quantitative 
Voronovskaja-type asymptotic formula. 

2 Construction of M„ ^ and estimation of moments 

Throughout the paper we employ the standard notations of g-calculus, see [25], [24) . 



g-integer and g-factorial are defined by 

{1 - g" 
y— ^ if g e i?+\{l}, iorneN and [0] = 0, 

n if 9 = 1 

N,!:=[1],[2],...M, forneiV and [0]! = 1. 

For integers < fc < n g-binoniial is defined by 



n 
k 



N,! 



g 



[k],l[n~k]^ 



The g-derivative of a function /(x), denoted by Dqf, is defined by 

P,/)(a:):=.^^M_fM, ^ ^ Q, p,/) (0) := lim p,/) (x) . 
((7 — 1) X K^o 

The formula for the g-derivative of a product and quotient are 

Dq {u (x) V (x)) = Dq {u (x)) V (x) + u (qx) Dq {v (x)) . (1) 

Also, it is known that 

Dqx" = [n] x"~\ DqE {ax) = aE (qax) . (2) 

If \q\ > 1, or < Igl < 1 and \z\ < -r^, the g-exponential function e^ (x) was defined by Jackson 

oo ^ 

fe=o ^^J?- 
If |g| > 1, eq{z) is an entire function and 

j=o ^ 1 / 

There is another g-exponential function which is entire when < \q\ < 1 and which converges when \z\ < pj-^ 
if \q\ > 1. To obtain it we must invert the base in ([3]), i.e. g — > i; 



Eq (z) := ei/q (z) ^ Y^ 



r.k(k-l)/2 k 



k.o [^y ■ 
We immediately obtain from ([4]) that 

oo 

Eq (z) ^l[{l + {l~q) zq') , < |g| < 1. 

The g-difFerence equations corresponding to Cq (z) and Eq (z) are 

DqCq (az) — aCq {qz) , DqEq (az) — aEq (qaz) , 

Dl/qCq (z) = Di/qEi/q (z) = £'i/g (q^^z) = gg (g^^z) , g 7^ 0. 

Let Cp is the set of all real valued functions /, continuous on [0, cx)) and such that Wpf is uniformly continuous 
and bounded on [0,oo) endowed with the norm 



Here 



lip— sup Wp{x)\f{x)\ 

a:6[0,oo) 



w;o(a;):=l, Wp{x) -.^ {I + x^) \ if p G iV. 



The corresponding Lipschitz classes are given for < a < 2 by 

Alf {x) := / (x + 2h) -2f{x + h) + f (x) , 

Lulif;6):^ sup ||A2/|| Lzp^a := {/ e Cp : c.^ (/; 5) = (<5") , 6^0+}. 

Q<h<S ^ 

Now we introduce the q-parametric Szasz operator. 
Definition 1 Let q > 1 and n £ N . For f : [0, oo) -^ R we define the Szdsz operator based on the q-integers 

Mn.. (/; -) ■■= E / (p) -^^^f-. (- N q-'-) ■ (5) 

Similarly as a classical Szasz operator Sm the operator Mn^q is linear and positive. Furthermore, in the 
case of q ^- 1+ we obtain classical Szasz-Mirakjan operators. 

Moments M„ ^ (f"; x) are of particular importance in the theory of approximation by positive operators. 
From ([5]) we easily derive the following recurrence formula and explicit formulas for moments M„ g (i™;x) , 
m = 0,l,2,3,4. 

Lemma 2 Let q > \. The following recurrence formula holds 

j=0 \ -^ / PJ 
Proof. The recurrence formula ^ easily follows from the definition of M^^q and q [fc] + 1 = [fc + 1] . 

- Z^ [^p+i ^fe(fc-i)/2 [fc]! ^«^ ^''^'^ ^' 

- Z. [„]™ qkik-l)/2 [yt _ 1]! ^« ^ ^"J '^ ^^ 

Ef rn \ xq^ ■^ [A:]-' 1 [n] x'' ( \ ] -k -i ^ 



EC»)^M..,, (.';,-'.) 



Lemma 3 T/ie following identities hold for all q > 1, x (z [0,oo), Ji G N, and fc > 

xDqSnk {q; x) = [n] f -p r - a; j s„fc (q; x) , 



M„,,(f"+i;x) - ^i?,Af„,,(f";x)+xM„,,(i™;x). (7) 



Proof. The first identitiy follows from the following simple calculations 

xD.Snk (g; x) ^ [k]^ qk{k-i)/2 [fc] I ^1 {- N q x)-xq [n]^^^^^—^^^^^eq[~[n]^q xj 
= [k]g Snk {q; x) - X [n]^ Snk {q; x) = [n] ( pr - a; j s„fc {q; x) . 



The second one follows from the first. 

Tn 



xD,M^^, (i™; x) = [n] f^ (||) ^ (|| " ^) ^"'= ('^^ ^) 



" [''] Zl ( o ) ^"'^ («; ^) ~ ["] 2^51 ( o ) ■'"'^- ('^' ^) 



, n / ^ — ' \ \n\ 

\Mn,g{t"'+^;x)~[n]xMn,g{t"';x). 



Lemma 4 Lei (7 > 1 . We have 

Mn,q{l;x) = I, Mn,q{t;x) = X, Mn,q {t^ ^x) ^ X^ + y^X, 
Mn,q {t^;x) ^X^ + -TT^X^ + —^X, 

m [n] 

x^ 3,2 I 

M^^q {t^; x)=x^ + {3 + 2q + q^) — + (3 + 3g + g^) + 

m [n\ [n\ 

Proof. For a fixed x E R+, by the g- Taylor theorem [5S], we obtain 



fc=0 ^'^Jl/9- 



Choosing i = and taking into account 

we get for (pn (x) — eq (— [n] a;) that 

k=o ^ h- 

= E [fc],,.(.-i)/2 ^a-Ng-^^). 

In other words Af„_q (1; x) = 1. 

Calculation of Mn,q (t^;x), i ~ 1,2,3, 4, based on the recurrence formula (O ( or ([6])). We only calculate 
M„^g{t^;x) andM„,^(t4;x) : 

X 

M 



Mn,q {t^; x) = —DqMn^q (i^; x) + xM^^g (t^; a;) 



= A([2]2^ + rT) +x(x^ + ^x 
[n] \ [n]J \ [n] 

- J_ 2 + g 2 3 



Mn,q (i^ x) = -^DqMn,q {t^;x) + xM„^q (i^; x) 



X I 2 + g _ ^^^ 2 \ /I 2 + 52 3 






\n\ \n\ [n\ 



Lemma 5 Assume that q> \. For every x e [0,oo) there hold 

M„,,((i-x)^a:) -p, (8) 

M^^J{t-xf;x)^-^x+{q~l)^ (9) 

^ ^ [n\ [n\ 

Af„,g ((t - a:)^ .t) = -^3 X + {q^ + iq-l) ^ + [q-lf^ (10) 

^ / T?, \n.\ \n\ 



Proof. First of all we give an explicit formula for A/„ ^ \{t — x) ; a; 



Mn,« ({t - xf ; x^ = A'f„,^ (i^; a;) - 3xM„,^ (i^; x) + ix^M^^q {t; x) 



x' 



= x^ + —r-r-x^ H ^x -?>x\x^ + ^\ +ix^ -x'^^ 

1 x^ 

= —^x+{q-l)—:. 



Mn,q (it - x)'^ ■ x) = Mn^q {t^; x) - AxMn^q {t^; x) + 6x^Mn,q (i^; a;) - ix^Mn,q {t; x) + x^ 

= J_x+{3 + 3q + q')f^ + {3 + 2q + q^)^+x^ 
[n] [n] [n\ 

- Ax — 7tX + —r-r-x^ + x^ \ + &x^ [ x^ + ^\ ~ ix"^ + x'^ 
\[nf [n] J V W 

= ^x + (-1 + 3q + q^)^ + {q~ if ^. 

\nf ^ ^ ^ ' \nf [n] 



Now we prove explicit formula for the moments Mn,q (i™; x), which a q-analogue of a result of Becker, 
see [22] Lemma 3. 



Lemma 6 For q> \, ra £ N there holds 

Mn.,q{t^;x)^Y.^q{m,j)^-^, (11) 

where 



W 



Sq (m + 1, j) = [j] Sq (m, j) + Sq (to, J - 1) , TO > 0, .7 > 1, 

Sg(0,0) = l, §g(TO,0)=0, TO>0, §g(TO,j)=0, m<j. (12) 

In particular Mn.q (t™; x) is a polynomial of degree to, without a constant term. 



Proof. Because of Mn,q {t;x) — x, Mn,q {t^',x) = x^ + — , the representation (ITT|) holds true for m = 1,2 
with §,(2,1) = 1, 5,(1,1) ^ 1. 

Now assume (jlip to be valued for m then by Lemma [3] we have 



Mn,q {t"'+';x) = ^i?,M„,,(t™;x) +xM„,,(i";a;) 



m j — 1 ""^ 

= WaY. [■?'] ^1 ('^'■?') T^T^r^ + 2:^ §, (to, 



x-' 



x3 



^ [j] §9 (m, j) ,„_j+i + 51 ^9 ('^' -^'^ 



,im-J 



X 



J = l 



■S,(m,l)+x'"+'§, (to,to) 
Y,{\3]\ (TO,j) + S, (to, J- - 1)) — ^. 

j=2 ["] 



Remark 7 For (7=1 i/ie formulae \12fl become recurrence formulas satisfied by Stirling numbers of the 
second type. 



3 M„ g in polynomial weighted spaces 

Lemma 8 Let p Cz N U {0} and g G (1, 00) be fixed. Then there exists a positive constant Ki {q,p) such that 

\\Mn,q{l/wp;x)\\^<Ki{q,p), neN. (13) 

Moreover for every f Cz Cp we have 

\\M„,Amp<Ki{q,p)\\f\\p, neN. (14) 

Thus Mn.q is a linear positive operator from Cp into Cp for any p Cz N U {0}. 

Proof. The inequality (fT3|) is obvious for p = 0. Let p > 1. Then by pTJ) we have 

P i 

Ex 
j=i ["] 

-^1 il-iP) is a positive constant depending on p and q. From this follows (J13p . On the other hand 

||M„,,(/)||^<||/||p||Af„,,(l/«;p)||^ 
for every f £ Cp. By applying ((T3)) . we obtain p4| . ■ 
Lemma 9 Lei p G A^ U {0} and g G (1, 00) be fixed. Then there exists a positive constant K2 {q,p) such that 



Mn 



Wp{t) 



^ K2{q,p) ^ ,, 

< 1^^; , n ^ N. 



(15) 



Proof. The formula (O imply ([T5|) for p = 0. We have 



M„ 



Wp (t) 



■x\^ Mn^q ((i - xf ; x) + Af„,, ((i - x)^ tP; x) , 



for p,n (i N. li p — 1 then we get 

Mn,q ((t - xf (1 + t) ; a;) = A/„,, ((t - xf ; a;) + Af„,, ((t - xf t; a;) 

= Mn,g ((t - x)^ ; a;) + (1 + a;) M^.q ((t - x)' ; x) , 

which by Lemma [5] yields (jlSp for p = 1 . 
Let p> 2. By applying (fTTj) . we get 

Wp (x) Mn^q ({t - xf fP] Xj 

= Wp {x) {Mn^q (tP+2; x) - 2xAf„,g (tP+1; a;) + x2m„,, (t^; x)) 



(P>i) 



rJ+2 



= Wp (x) j] (S, (p + 2,j) - 2§, (p+ l,j) + §, (p, j)) 



X' 



J+1 



p+l-j 



U=2 



+ §, (p + 2, 1) -^ + (§, {p + 2,2)- 2§, (p + 2, 1)) -^ 



[n] 
where Vp {q; x) is a polynomial of degree p. Therefore one has 

Wp (x) Mn,q ((i - x)' tP; x) < if2 (g,p) 



Our first main result in this section is a local approximation property of Mn_q stated below. 
Theorem 10 There exists an absolute constant C > such that 

Wp (x) \M„,q {g; x)-g (x)| < ifg {q,p) ||.9"|| t^, 

[n] 

where g G Cp, q > 1 and x £ [0,oo). 
Proof. Using the Taylor formula 

g{t)^g{x)+g'ix)){t-x)+ / g"{u)duds, 

J X J X 

we obtain that 



^cl 



M 



n^q 



Wp (x) \Mn^q (5; X) - g (x) I = Wp (x) 

< Wp (x) Mn^q 

<Wp{x)M^^A\\g"\ 



g" (u) du ds; x 



X J X 

t rs 



g" (u) du ds 



{l + u"^)duds ; 

< Wp (x) i ||g"|lp A/„^, ((t - x)' (l/wp (x) + l/«;p (i)) ; : 

< 2 ll-9"llp (^^"^9 ((* " ^)' ; a;) + iwp (x) Af„,, ((i - x)' Wp (t) : 



<i^3(g,:r)||g"|| 



Now we consider the modified Steklov means 



fhix) ■■=j;^ I I [2/(a; + s + t}-fix + 2(5 + t))] dsdt. 







fh{x) has the following properties: 



h h 
2 2 



fix)-Mx)^- I / A,+, 



fix)dsdt, rax) = h-'^ (sAlfix) - Alfix)) 







and therefore 



\\f-h\l<col{f;h), \\f;;\\^<—u;l{f;h). 
We have the following direct approximation theorem: 

Theorem 11 For every p e NU {0} , f £ Cp and x G [0, oo), q> \, we have 



Wp{x) \Mn,q (/; x) - f{x)\ < Mpuj; /• /_ = Mpco'^ /; 



(<?" - 1) 



Particularly, if Lipia for some a £ (0, 2], then 



Wp{x)\M^,,{f;x)-f{x)\<Mp[ — 



Proof. For f e Cp and h > 

\MnAf;x) - f{x)\ < |M„,, ((/ - fh);x) - if-fh){x)\ + \Mn,, (fh;x) - fh{x)\ 
and therefore 



Wp{x) |M„,, (/jx) - f{x)\ < 11/ - Mlp Wp{x)Mn,q 



1 



Wp{ty 



X +1 



Since 



,{x)Mn,q (^^^;a;j < Ki {q,p), we gi 



+ K,{q,p)\\f'XTl- 



et that 



Wpix)\Mn,gif;x)-fix)\<M{q,p)Lolif;h) 



\h^ 



Thus, choosing h = . /-p-r, the proof is completed. ■ 

V M 

Corollary 12 If p eNU {0} , f e Cp, q > I and x G [0, oo), then 

hm Mn.q (/; x) = f (x) . 

This converegnce is uniform on every [a,b], < a < b. 

Remark 13 Theorem ] 11\ shows the rate of approximation by the q-Szasz operators (q > 1) is of order q~ 
versus 1/n for the classical Szasz-Mirakjan operators. 



4 Convergence of g-Szasz operators 

An interesting problem is to determine the class of all continuous functions / such that Mn^q (/) converges 
to / uniformly on the whole interval [0, oo) as n — > oo. This problem was investigated by Totik |27[ Theorem 
1] and de la Cal [221 Theoreml] . The following result is a g-analogue of Theorem 1 [53] . 

Theorem 14 Assume that f : [0, cx)) -^ R is bounded or uniformly continuus. Let 

r{z) = f{z^), ze[0,oo). 
We have, for all t > and x > 0, 



\M^,q{f;x)-fix)\<2u{f*u — 



(16) 



Therefore, M^^q {f]x) converges to f uniformly on [0,cxd) as n -^ cxd, whenever f* is uniformly continuous. 
Proof. By the definition of /* we have 

Thus we can write 

|Af„,, (/; x) -f{x)\ = |Af„,, (/* (y:) ;x)-f* (V^) | 



fe=0 



< 



E 

k=0 



f* 



< 



E-r 



k=0 



<E^ 



/ 



fc=0 



/*;■ 



/* (Vx) I SnM{q;x) 
Sn,k {q;x) 

■Mn,q{\^f - Vx\;x) I Sn,k{q;x). 






V 



Finally, from the inequality 
we obtain 



ioif*;a5)<{l + a)Lu{f*;5), a,5>0 



|M„,, if;x) -fix)\ < LO (r; Af„,, {\V^ - v^| ;x)) ^ 1 



k=0 



= 2Lu{f*;Mn^q{\V^-V^\;x)). 
In order to complete the proof we need to show that we have for alH > and a; > 

Mn^q{\V-~\^\;x) < ' 



;x) 



Sn,k iq;x) 



Indeed we obtain from the Cauchy-Schwarz inequality 



fe=0 

oo 



[n\ 

[k] 



Sn,k{q;x) 



X 



'[k] 



< 



k=o \/-bT + Vx 
1 



Sn,k{q;x) < —/=^ 

^^ k=0 



[k] 



Sn.k iq;x) 



fe=0 



1 1 



E 0~^ ■'^n,k{q;x) ^ —=jMn^q(^{- -xf;xj 



showing ([T5)) . and completing the proof. ■ 

Next we prove Voronovskaja type result for g-Szasz-Mirakjan operators. 

Theorem 15 Assume that q e (l,oo). For any f E C^ the following equality holds 

1 



lim [n] {Mn,q (/; x) - f [x)) = -f" {x) x 

n— f oo Z 



for every x € [0, cxd). 



Proof. Let x E [0, oo) be fixed. By the Taylor formula we may write 

f{t) = f {x) + r {x) {t~x) + i /" (x) {t ~xf + r {t- x) {t - xf 



(17) 



where r{t]x) is the Peano form of the remainder, r{-;x) £ Cp and YiuYt-^x f {t\ x) — 0. Applying Mn_q to 
pT)) we obtain 

[n] (Af„,g (/; x)~f (x)) = /' (x) [n] M^^q (t - x; x) 

+ 2/" (^) N ^'^".9 ((^ - 2^)' ; ^) + N ^^".9 ('^ (*; a:) (^ - x)' ; x) . 

By the Cauchy-Schwartz inequality, we have 

M„,, (r {t; x) (t ~ xf ; x) < ^ Mn,q{r^t;x) ;x)J M^^q ((t - x)^ ; x) . (18) 

Observe that r^ (x; x) = 0. Then it follows from Corollary [T^ that 

lim M„ „ (r^ (i; x) ; x) = r^ (x; x) = 0. (19) 

Now from (|18p , ([TO)) and Lemma [5] we get immediately 

lim [n] M„ „ fr (i; x) (i - x)^ ; x) = 0. 

n— )-oo ' V / 

The proof is completed. ■ 
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